Abstract. Work of the first author with de la Peña [1] , concerned with the class of algebras derived equivalent to a tubular algebra, raised the question whether a derived equivalence between two algebras can be extended to onepoint extensions. The present paper yields a positive answer.
Let A be a finite-dimensional algebra (associative with 1) over a field k. Modules, for most of this paper, will be finite dimensional right modules, and mod A denotes the category of such modules over A. Each A-module M we may view as a (k, A)−bimodule k M A , and form the matrix algebra
which is called the one-point extension of A by M . We denote this algebra bȳ A if M is clear from the context; moreoverM will denote the indecomposable projectiveĀ-module formed by the first row [k, M ] ofĀ. Note thatM has trivial endomorphism ring. Forming the module category (resp. the derived category) over the one-point extension algebra is in a sense inverse to forming the perpendicular category with respect to an exceptional object in a module category [4] (resp. in the derived category of a module category [2] ). Both processes are important for induction arguments on the number of isomorphism classes of simple modules. Note that we view modules as stalk complexes concentrated in degree zero. A preprint version of the article has been used by a number of authors [3, 13, 8, 9] . For an abelian category A we denote by K b (A) the homotopy category and by D b (A) the derived category of bounded differential complexes in A, see [12] for definitions and basic facts. Further, we denote by P A the full subcategory of mod A given by the finitely generated projective A-modules. We identify D b (mod A) with the full subcategoryM
Before entering the proof, we recall results from Rickard [10] . Any triangulated equivalence Φ :
, where K b (P A ) refers to the homotopy category of bounded complexes in P A . In particular,
) is a tilting complex, that is, for all n = 0 we have Hom K b (PĀ) (T ,T [n]) = 0, and moreover add (T ), the full subcategory of direct summands of finite direct sums of copies ofT , generates K b (PĀ)
as a triangulated category. Conversely, a given tilting complex T in K b (P A ) with endomorphism algebra B, gives rise to a triangulated equivalence from
Proof. Note that the canonical projectionĀ → A induces an embedding ι A : mod A → modĀ such that ( ) the two functors HomĀ(ι A ,M) and Hom A ( , M ) from mod A to mod k are isomorphic and ( ) HomĀ(M , ι A ) is the zero functor.
be the triangulated equivalence induced by Φ and set
. We are going to show thatT is a tilting complex in K b (PĀ). Further, we show that the endomorphism algebra ofT is isomorphic toB. It then follows from [10] , as summarized before, that there is a triangulated equivalenceΦ :
We get a sequence of isomorphisms
where the first one is due to ( ) and the second to Φ. By construction we have an isomorphism End K b (PĀ) (T ) ∼ = B and, passing to the homotopy categories, we derive from ( ) that Hom
Because of ( ), we have Hom
= 0 for all n, and in view of ( ), we get an isomorphism Hom
) and thus is zero for all n = 0. Thus we obtain a triangulated equivalenceφ :
, which maps the tilting complexT toB[0] and its summandM toN , and a corresponding triangulated equivalenceΦ :
Corollary 1. Let A and H be two finite dimensional k-algebras such that there exists a triangulated equivalence Φ :
We assume that H is hereditary. Then for every indecomposable A-module M , there exists an indecomposable H-module N such that there is a triangulated equivalenceΦ :
, whereĀ andH denote the respective one-point extensions of A and H, which restricts to a triangulated equivalence from
Proof. Since H is hereditary, every indecomposable object of D b (mod H) is given by a stalk complex X[i] for some indecomposable H-module X. Modifying Φ by a suitable shift [i], we may thus assume the existence of an H-module N with Φ(M ) = N . The assertion now follows from Theorem 1, observing that derived equivalences commute with the shift functors.
We mention two further applications. Let A be a derived canonical algebra, that is, A is an algebra which is derived equivalent to a canonical algebra [11] . Note that this includes the case of an algebra derived equivalent to a tame hereditary or a tubular algebra. We call an A-module M derived regular if M belongs to a tube T in the derived category D b (mod A). If M has quasi-length n in T , we say that M has derived regular length n. If moreover n = 1 we say that M is derived regular simple.
Corollary 2. Let A be a derived canonical algebra, and let M be an A-module which is derived regular simple. Then the one-point extension of A by M is again derived canonical.
Proof. The assertion holds for a canonical algebra [6] , hence by Theorem 1 extends to the derived canonical situation.
We recall that any tame hereditary algebra of type D n is in the same derived class as the canonical algebra of weight type (2, 2, n − 1).
Corollary 3.
Assume that A 1 and A 2 are derived canonical of type (2, 2, n) and let M i be an indecomposable A i -module of derived regular length two taken from a rank n tube of
Then the resulting one-point extensionsĀ 1 andĀ 2 are derived equivalent.
This implies, in particular, that the (strongly simply connected) polynomial growth critical algebras introduced by Nörenberg and Skowroński [7] with a fixed number of simple modules are in the same derived class, a result formerly requiring a case by case analysis.
Comments. (a)
Assume that A (and hence also the one-point extensionĀ with respect to the A-module M ) has finite global dimension. Then the category D b (modĀ) has Auslander-Reiten triangles [5] . We claim that the A-module M is isomorphic to the "middle term" E of the Auslander-Reiten triangle in D b (modĀ) (modB) are equivalent as derived categories, since they are both tilted of the hereditary algebra C with quiver Q C : let T A = P 1 ⊕ P 3 ⊕ S and T B = S ⊕ I 1 ⊕ I 3 , where P x , respectively I x denotes the projective cover, resp. injective hull of the simple in x and S is the indecomposable with S(1) = S(3) = k and S(2) = 0. Then End(T A ) ∼ =Ā and End(T B ) ∼ =B. 
